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As well known a 3D ray tracing algorithm furnishes the ray’s coordinates, the three components of the wave vector and the group time delay 
of the wave along the path. This last quantity can be compared with the real group delay to check the performance of the algorithm. 
Simulating a perfect reflector at an altitude equal to the virtual height of reflection the virtual delay is assumed as a real group 
delay. For a monotonic electronic density profile we find a very small relative difference between the calculated and the simulated delay 
both for analytic and discrete 3D electronic density models.
For monotonic electronic density profile we found a very small relative error between the calculated 
and the simulated delays both for analytic and discrete 3D electronic density models. Such errors are 
mainly due to the discrete step of the numerical integration of the differential equations of the ray 
tracing algorithm and to discrete electronic density profile. A further analysis has been performed 
checking the resulting virtual height h′
v
 of the simulated reflector and the virtual height 
calculated by means of the relation on the left. The percentage errors between the two values 
were always less than 1%.
Numerical electronic density profile defined by the 
parameters like critical frequency and height of the 
maximum electronic density.
Time group delays (calculated and virtual) and 
percentage relative error with elevation angles of 30°.
We employed a simple method to test a ray tracing algorithm exploiting the following 
relations:
where f
v 
 is the vertical incidence frequency, f
ob
 is the oblique incidence frequency, h
ob
 is 
the oblique virtual height of reflection and h′
v
 is the vertical virtual height of reflection.
The first relation comes from the secant law, the second is related to Martyn’s 
theorem, while the third one is the Breit and Tuve theorem that assures that the real 
group time delay t
calc
 of the wave propagating in the effective path at group velocity is 
equal to the virtual time delay t
virt
 of the wave propagating along the oblique virtual path 
at the speed of light in vacuum ( c
0
 ).
 
The ray tracing algorithm furnishes in output the arrival point B and the calculated 
time delay t
calc 
.
All the parameters necessary to calculate the virtual delay t
virt
 are derived from the 
formulas on the bottom left.
For more realistic scenary we employed both analytic and numerical models and 
the results of these simulations are presented below.
where n
g
 is the refractive group index.
The virtual group delay t
virt
 can be obtained 
very easily using a pure geometrical 
relation ( t
virt
 = ACB / c
0 
).
The general trend is 
analogous to the analytic 
Chapman model except 
for the more irregular 
behavior due to the 
discrete values in the 
electronic density profile 
with step of 0.5 km.
Time group delays and percentage relative error 
simulating a numerical electronic density profile with 
elevation angle of 30°.
The relative Δt
error
 does not exceed 0.5% when the frequencies are 
relatively low.
The error increases when the ray penetrates deep in the ionospheric 
plasma since numerical integration meets the discontinuity in the 
refractive index next to the critical frequency.
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In a flat layering ionosphere, 
without horizontal gradient, and in 
a monotonically increasing 
electronic density profile, the 
virtual group delay t
virt
 and the 
calculated group delay t
calc 
 are 
theoretically equal. 
These conditions are not valid 
anymore when the electronic 
density profile has a valley 
between E and F layers.
1
2
3
4
5
6
7
8
9
3 6 9 12 15 18 21 24 27 30
0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
f ( MHz )
G
R
O
U
P
T
I
M
E
D
E
L
A
Y
 
(
 
m
s
)
P
E
R
C
E
N
T
A
G
E
R
E
L
A
T
I
V
E
E
R
R
O
R
 
(
 
%
)
IONORT - The ionospheric ray tracing program 
here employed that is still developing.
This program allows calculating the ray path 
that is shown in 2D azimuth plane and in 3D 
geo-referenced map.
Transmitter parameters are user inserted as 
input. A real discrete profile grid is used.
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